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Abstract 

We prove an SL2 (Z)-invariance property of multivariable trace functions on mod¬ 
ules for a regular VO A. Applying this result, we provide a proof of the inversion 
transformation formula for Siegel theta series. As another application, we show that 
if U is a simple regular VOA containing a simple regular sub VO A U whose commu- 
tant is simple, regular, and satisfies {U^Y = U, then all simple U-modules appear 
in some simple U-module. 


1 Introduction 

The concept of a vertex operator algebra (VOA) was introduced by Borcherds [2] to explain 
a mysterious relation between the Monster simple group and the elliptic modular function 
J(r). In the years since, this connection has been elucidated further and generalized to 
encompass a wide class of VOAs and elliptic modular forms. In the heart of this developing 
theory reside trace functions over modules of endomorphisms associated with the VOA. In 
particular, these functions include an operator formed from a matching of a distinguished 
element from the VOA, and a single variable in the complex upper half-plane. Meanwhile, 
the element resulting from this pairing resides in a one-dimensional Jordan subalgebra of 
the VOA, and begs the question whether trace functions exist which instead incorporate 
elements from larger Jordan subalgebras. The primary aim of this paper is to study such 
multivariable trace functions and establish functional equations for them with respect to 
the group SL 2 (Z). 
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le-mail: iniyamoto@math.tsukuba.ac.jp. Partially supported by the Grants-in-Aids for Scientific Re¬ 
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The development of these equations utilizes a seminal result of Zhu [12], which estab¬ 
lishes that the space of trace functions on simple modules of a regular VOA is invariant 
under the standard action of SL 2 (Zi). In particular, Zhu shows that the action of an element 
of SL 2 (Z) on a single-variable trace function on a simple module is a linear combination of 
the trace functions for all simple modules of the VOA with coefficients dependent on the 
representation of the element in SL 2 (Zi). As we lift Zhu’s theory to the multivariable case 
below, we hnd that we recover these same coefficients. Using Verlinde’s formula, we exploit 
this fact to show that every simple module of a regular subVOA whose commutant satishes 
certain conditions is contained in a simple module of the VOA (see Theorem 2 below). 

Beyond considering such regular subVOAs and their commutants, a number of impor¬ 
tant classes of VOAs are known to contain appropriate Jordan subalgebras and ht the 
framework presented here to construct multivariable trace functions. We discuss some of 
these below and look more closely at an application to lattice VOAs, where we formulate 
another proof of the transformation properties for Siegel theta functions. To explain our 
results in more detail, we hrst review the relevant theory and notation pertaining to VOAs. 

A VOA is a quadruple 1,0;), which we simply denote by V, consisting of a 

graded vector space V = (Bn&Vn, a linear map Y{-,z) : V —)■ End(U)[[ 2 ;“^, 2 ;]], and two 
notable elements 1 G Vo and 0 ; G V 2 called the Vacuum and Virasoro elements, respectively. 
We say v has weight n if u G W and denote the weight of v by wt(u) if it is not specihed. 
An image Y(v,z) = of u G U is called a vertex operator of v, and it can 

be shown that Uwt(i;)-i is a weight-preserving operator for a homogeneous element v. We 
denote this unique operator by o{v) and extend it linearly. Meanwhile, the operators L{n) 
dehned by Y{u),z) = satisfy a Virasoro algebra bracket relation 

— fl 

[L(n), L{m)] = {n - m)L{n + m) + Jn+m,o c 

for some c G C, called the central charge of V. The eigenvalues of T(0) provide the weights 
on V, that is, I 4 = {u G U | L{0)v = nv}. 

In this paper, we assume that U is a regular VOA of CFT-type (i.e. U 2 -co£nite, rational, 
and M-graded with Vq = Cl) of central charge c. A number of important consequences can 
be drawn from these assumptions. For one, such a V has only hnitely many isomorphism 
classes of simple U-modules {W ^,..., hV^}, and all of them are M-gradable. We refer the 
reader to [5] for a further discussion on the definition of regular VOAs and implications of 
this definition on the structure of U-modules. Another consequence of a regular VOA which 
stems from the CFT-type assumption, is a rehnement on the classihcation of symmetric 
invariant bilinear forms on V. Indeed, in [9] it is shown that the space of bilinear forms for 
such a VOA is isomorphic to the dual of (Uo/L(l)Ui). Therefore, if L(l)Ui = 0, the choice 
of an a G C satisfying ( 1 , 1 ) = a uniquely dehnes a bilinear form on V. If a is chosen to be 
— 1 , then for any a,h E Vi we have aib = {a,b)l. See [9] for details and proofs concerning 
bilinear forms on V. 

Additionally, for a regular VOA V we may invoke Zhu’s [12] (see also [4]) modular- 
invariance results for single-variable trace functions mentioned above. Specihcally, Zhu 
dehnes a formal trace function : r) on by 

ThvK^(u : r) := (1.1) 
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and proves that these functions are well-dehned as analytic functions on the upper half¬ 
plane "H = {r G C I Ini(r) > 0}. He then shows that for each 7 = (“ d) ^ SL 2 {Z) there 
exists a complex matrix {A]j) such that 

• cr+ d ) ^ ^ ^ : r) (1.2) 

for any r G 'H and wt[-]-homogeneous element v G V. Here wt[-] is the weight given by 
the Virasoro element u of the coordinate transformation VOA structure (H, y[-], l,a;) on 
V, which is given by setting 

Y[v,z] = =J2v[n]z-^-\ and 

w = {27rif G V[2]. 

We note that the action of SL 2 (Z) on 1-L is generated by an inversion S' = (° : r —^ 

and a parallel translation T = (gi) :t—T he invariance property of trace functions 
for T follows easily from the structure of simple modules. Meanwhile, the matrix {Afj) in 
(1.2) produced by the matrix S contains interesting and exploitable information about V 
and its modules. It is often called the S'-matrix of V and is denoted by (sij) rather than 

(• 47 - 

As alluded to above, our motivation stems from observing that the power of e in (1.1), 

1. e. 27rir(L(0) — c/24), is the grade-preserving operator o(ra;/27ri) of an element in a one¬ 
dimensional Jordan subalgebra Co; of V| 2 ]- We therefore treat cases where Hp] (and also V 2 ) 
contain a larger Jordan subalgebra Q. Then, for u E Q and v E V, we dehne a multivariable 
formal trace function Tr^y£o(^’)e°*'“^/^’^* and establish a new SL 2 (Z)-invariance property for 
these functions. 

The hrst case we consider is that of an associative Jordan subalgebra. Let V = 
(H, Y, 1,0;) be a regular VOA and o; = J- • • • -|- e^, where are conformal vectors that are 
mutually orthogonal with respect to the bilinear form discussed above. Here, an element 
e G V 2 is called a conformal vector if e is a Virasoro element of the sub VO A generated by 
e, which we denote VOA(e). In this case, is an associative Jordan subalgebra of 

V 2 . Set P = (27ri)^ (e-^ — ||l), where Cj is the central charge of eh Under this setting, for 
a grade-preserving operator a and (ri, ... ,Tg) E W, we dehne a multivariable formal trace 
function by 

( 1 . 3 ) 

If an element m G U is homogeneous with respect to the grading induced by the operator 
Lj[0] := P[l], we denote its weight under this operator by wt^/w]. We say an element of 
V is multi-]/[ wtj [(-homogeneous if it is homogeneous with respect to Tj[0] for all j. For a 
multi-[Q wtj [(-homogeneous element w E V, let (8)®^]^VOA(e-^)tc denote the (8)®^]^VOA(e-^)- 
submodule generated by w. Then we have the following theorem, which is proved in Section 

2 . 
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Theorem 1 Let V be a regular VOA and uj = ® decomposition of the Virasoro 

element uj by mutually orthogonal conformal vectors eL Let w & V be a multi-Yl'wtjW- 
homogeneous element and assume the functions Tr^yh {o{v) : ri,... ,rg) are well-defined as 
analytic functions on W forv G (8)^^]^VOA(e-^)w. Then 

Ttw^ ('o(w) : • • •, ^ (o(u) : n,..., Tg) 

' 9 / p—i f^—i 

for {Ti,...,Tg) G W, where {AL) is the matrix given in (L2). Additionally, ife^{n)w = 
0 for n > 1, 1 < j < g, and the functions (o(w) : Ti,...,Tg) are well-defined as 
analytic functions on W, then so are the functions (o('y) : ri,... ,Tg) for any v G 

<8)^=iVOA(e-^)w. 

One important instance when u decomposes as stated in the previous theorem is when 
V contains a simple, regular subVOA U = {U,Y,l,e), and we additionally consider the 
commutant of 17 in 1/ given by = {U^ = Comy(17), T, 1, / = a; — e), where Comy(17) : = 
{n G 17 I UnV = 0 for M G U,n G M}. As an application of Theorem 1, we prove the 
following theorem in Section 3. 

Theorem 2 Let V be a simple regular VOA and U a simple regular sub VOA ofV. Suppose 
also that the commutant IT^ of U is simple, regular, and satisfies [Lf^Y — U, 

LL^, and V are all of CFT-type and self-dual. Then all simple U-modules appear in some 
simple V-module. 

In the second case, we consider a Jordan algebra of type Bg. That is, a Jordan algebra 
isomorphic to the space &g{C) consisting of all symmetric complex matrices of degree g. 
More specifically, we have V 2 contains a Griess subalgebra Q := (Bi<i<j<gCu^^ and there 
exists an algebra isomorphism /i : &g{C) —> Q satisfying p.{Eij + Ejf) = (= 

and /i(/g) = cu, where Eij denotes an elementary matrix which has 1 in the (i, j)-entry and 
zeros elsewhere. Here we call a subalgebra ^ of (V 2 , Xi) a Griess subalgebra if V 2 U = 0 for 
v,u E Q, where a 1-product u Xiv is given by uiv. Such a subalgebra is commutative, 
but not necessarily associative. We note that the product (V 2 , Xi) is a C-algebra. If 
Vo = G1 and Vi = 0, then V 2 becomes a Griess (sub)algebra of 17 (see, for example, [1]). 
Such Griess algebra structures are generalizations of the original Griess algebra, which is 
the commutative non-associative algebra on a real vector space of dimension 19886 whose 
automorphism group is the Monster group. Trace functions of many variables associated 
with Griess algebras additionally appear in [11]. We also mention that in our setting we 
have U 3 V is the bilinear form discussed above, that is, u^v = {u,v)l. 

In this situation, for A = [vij) G Tig we define a multivariable trace function 

Tiwe {o{v) : A) = 249 ))^ (I. 4 ) 
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where l-Lg = {X + Yi\X,Y G ©^(M), Y is positive definite} is the Siegel upper half-space. 
The action of SL 2 (Z,) = (T, S) on Hg is given by T{Z) = Z + Eg and S{Z) = —Z~^ for 
Z G Tig, where Eg is the g x g identity matrix. Our next result, which is found in Section 
4, establishes the invariance for a Siegel-type inversion. 

Theorem 3 Suppose Tr^yj (o(l) : A) is a well-defined analytic function on l-ig for j = 
1,...,r. Then 

r 

Trwj (o(l) : -A~^) = '^sjhYrwh (o(l) : A ), 

h=l 

where {sjh) is the S-matrix given for ■j = S in (1.2). i 


There are many known VOAs containing a Jordan algebra of type Bg. For example, a 
VOA of free boson type constructed from a dimensional vector space C® and its 

fixed point subVOA (M(l)®®)+ by an automorphism —1 on contain a Griess subalgebra 
isomorphic to a Jordan algebra of type Bg (that is, a Jordan algebra consisting of all 
symmetric complex matrices of degree g). The famous moonshine VOA also contains a 
Griess subalgebra isomorphic to a Jordan algebra of type B 24 . Moreover, has only one 
simple module and its A-matrix is (sij) = A. We also note that the second author and 
Ashihara have shown in [1] that for any c G C and g G N, there is a VOA AM{g, c) with 
central charge c whose Griess algebra is a Jordan algebra of type Bg. 

We conclude this paper with Section 5, where we apply the above results to prove the 
inversion transformation property and convergence for ordinary Siegel theta series. See 
Proposition 8 below for a detailed statement of this result. 


2 Preliminaries and simultaneous transformations 

We first recall the following notation and results from [12]. Since we will treat power series 
of for various Tj G "H, we denote the g-power expansion of Eisenstein series G 2 kij) by 
G 2 fc(T), where q = Namely, 

~ 2!27r?i^^ 

G2fc(r) = 2C(2/c) + ^(T2fc_i(n)g". (2.1) 

Under the the action of a matrix 7 = (“ ^) G SL 2 (Z), these transform as 

^2 {^) = (cr + dfG 2 {T) - 2TTic{cT + d) and 
G 2 k (fJJ) = (cr + dY^G 2 k{r) for k > 1. 

One of the most important results in [12] is the following, which we will often use. 
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Lemma 4 For any VO A V and any L{0)-gradable module M whose grading is bounded 
below, we have 

Ttm (o(a[0]6) : r) = 0, and (2.3) 

CX> 

Tim (o(a)o(fe) : r) = Ttm (o(a[-l]6) : r) - ^G 2 fc(r)TrM {o{a[2k - l]b) : r) . (2.4) 

k=l 

as formal complex power series of for a,b ^ V. 

In this section, we let V = {V,Y (*, z), 1, u) be a regular VOA of CFT-type and assume 
that V has a set {e^,..., e^} of mutually orthogonal conformal vectors such that ca = + 

• • -+6^. Then are mutually orthogonal conformal vectors of the coordinate transformation 
VOA (V, Y[*, z], 1, (h) and u = where Cj is the corresponding central charges of 

and = (27ri)^ (e-^ — ||l). Let M be a V-module and recall the multivariable functions 
(1.3). Clearly, we have 

^TrM (o(n) : Ti,..., Tg) = ^TrM (o(P)o(n) : Ti, ..., r^) . (2.5) 

Since e^ are mutually orthogonal, [o(e^), o(e^)] = 0 and so we have the commutativity of 
partial differentials, 

(»(«) ^ n.... ,T,) = A (o(v) : n.... .r,). (2,6) 

for any j and h. We also note that 

lim TrM (o(n) :Ti,...,Tg) = Ttm{v : r). 

Using arguments as in [10], we obtain the following result. 


Lemma 5 lUe have 



TrM (o(e^[0]&) : ri,..., r^) = 0, 


(2,7) 

and 




Ttm (o(e^)o(b) : Ti,.. 

.,Tg)= Tim (o(e^[-!]&) : n, .. .,Tg) 

00 

- G2k(Tj)TrM (o(e^l2k - l]b) : Ti, .. 

k=l 

■,Tg). 

(2,8) 


[Proof] For any b E V, Okip) ;= h^t{b)-i-k and bm are given by the vertex operator 
Y^{b, z) of V on M. We note that all of the forthcoming actions are given by Y^ of V on 
M. For formal variables zi and Z 2 we consider functions Fm dehned by 


F 


M 


((n\ zi), (n^ Z 2 ), qi,..., Qg) = , zi)Y^{v^, ^ 2 )^ 1 ^'''^ • • • 
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where qj = See [10] for more about such functions as well as many of the ideas we 

will use here (though note that our notation Ok{b) equals O-kip) there). In fact, since o(e^) 
commutes with each o(e^) for 1 < r < we obtain (2.7) just as in Proposition 3.1 of [10]. 

The key point in establishing (2.8) is that Ofc(e^) commutes with o(e'^) for r > 2 and 
[ofc(e^), o(e^)] = —kok{ep. Recall our Virasoro notation, Lj{n) := which implies 

Ofc(e^) = Li{—k). Therefore, we have 

Ti MOk{e^)o-k{b)ql^‘' K.. 

= TrM[ofc(e^), 0-k{b)]qf'' \ + i:iMO-k{b)ok{epqf'' \ 

= TrM[e}_fc, b^t{b)-i+k]q°i^ ^ • qf^"^ + TrMO_fe( 6 )g°^® ^ • g°^®"^Ofe(e^) 


= Tr 


M 


0=0 


J 


O (e]&) ) + TTMOkiepo_k{b)ql^‘'^'^~’'q 2 ^^^^ 


Rearranging, we hnd 


(l - q^ TTMOkiepo_k{b)qP'' T .. = Ttm ( ^ 

\j=o 

and for fc 7 ^ 0 , 

TrM I OkiepO-k{b)qi^'' ^ ] ql^"" ^ . . 


o{e]b) ql 


o(ei) 


qo(e^)_ 

Hg 


^o(e9) 

■ ’ 


= Tr 


M 


gi 


-k 


0=0 


k 


o e 




o(eb I o{e‘^) 


(I 2 


o(e9) 


(2,9) 


Again, the important fact is that Ofc(e^) commutes with o(e'’) (r 7 ^ 1) so that only q^ ^ arises. 
We note that the expression contained in {... } of (2.9) is the same as in Proposition 3.2 
of [10] by viewing q1^^ ^ as q^^^\ Therefore, by the same argument found there, we have 

^M((e\x),(6,z),gi,...,gg) 


= TrMo(e^)o(6)gf ^ P^+i q) TTMo{epm\b)q°^‘''^ ...q 

\ X ' 


o(e®) 

9 


m€N 


and 

FmUPz), {e\x),qi,.. .,qg) 

= TTMo{epo{b)q°^'' \ ^ jp^+i g) - <5m,o} TrMo(e^[m]fe)g[’^'' ^ 




meN 


where the functions Pk{z^ r) are defined in [ 10 ] and are also the similarly denoted functions 
in [ 12 ] multiplied by (27ri)“^. By using the associativity of endomorphisms for we find 

~ (Cfc&)wt(b)-fc 
^ f Jc\ 

= ( J {el_jb^t{b)-k+j - (-l)^&wt(b)-ie]} 

i=o 

= {o-k+j+i{e^)ok-j-i{b) - {-lpOj-i{b)o-j+i{ep} . 

7—n / 
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Replacing in Eqnation (3.7) of Proposition 3.3 in [10] by ^ and mnltiplying by 
q^^ \ . q°J'^^\ we obtain a similar result. Namely, 

OO 

= TrMo(e^[-l]&)gi^'' ^^ G2fc(ri)TrMo(e^[2fc - l]h)ql^‘' ^ 

k=l 


giving ( 2 . 8 ). i 

We are now in position to prove Theorem 1. 

[Proof of Theorem 1] In this proof, Lk [m\ denotes e* [m + 1]. To simplify the notation, 
we will write the proof for the case g ^2, but there is no difference for g > 3. 

We first prove the statement that Tr^y/i (o(n) : ri,r 2 ) is a well-defined analytic function 
on 77^, so long as {o{w) : ti, ..., Tg) is, and Lj{n)w = 0 for n > 1, j = 1, 2. We do so by 
induction on wti[n] -|-wt 2 [n], after assuming this is true for the base case v = w. More gen¬ 
erally, any v G (8)|^;^VOA(e-^)tc is of the form v = ■ ■ ■ Lj[—mdj]w for > 1. 

Since Lj[—n] is generated by Lj[—1] and Lj[—2], we may take = 1, 2. Moreover, by (2.7) 

we may assume mi. = 2 . Since Tr^h ^o(( 8 )|=iTj[—mijLj[—m 2 j ■ ■ ■ Tj[—mrf^.jtc) : ri,r 2 j, 

where Lj[—mij] denotes the omission of one or both of these terms, is analytic by our 
induction hypothesis, then (2.5) and (2.8) imply Tiy/h {o{v) : ti,T 2 ) is also analytic. 

We now turn to proving the functional equation. Set 7 = (“ ^) G SL 2 (Z). We will prove 


Tr^« ( o{v) : 


aTi + b aT2 + b 


CTi + CT2 + 

r 

(cTi -h d)'^*^t’''(cr 2 -7 ^ AjfJ^TiYh (o(n) : Ti,T 2 ) . 


( 2 . 10 ) 


h=l 


For ease of notation, we set 'yTi := and j{'),Ti) := (cTj -|- d). To begin, we consider 

(RjA) = (p'r) as a base point. Since linivTi^-r (o('y) : Ti,T 2 ) = Tr^i/^ {v : r), Zhu’s 
theorem (cf. (1.2)) implies 


lim Tiwi (o(v) : ^Ti,^T 2 ) 

r- _ ( 2 . 11 ) 

= j( 7 ,n)'^*''’''j( 7 ,T- 2 )'^*"'’''TrH^,. (o(n) : ri,r 2 ). 

VTi^T 

h=l 


Namely, (2.10) is true for the base point (r, r). We will next show that higher order partial 
derivatives on both sides of (2.11) by ti and T 2 still coincide with each other when evaluated 
at (t, r). This in turn implies the Taylor series expansions about (r, r) of the analytic left 
and right hand sides of (2.10) are equal on a neighborhood about (r, r), and thus on all of 

To simplify the arguments, we will prove the equality for higher order partial derivatives 





by Ti- Namely, we will prove 


QP 

L 


= lim 


Tiwt {o{v) : 7n,7T‘2) 
dP 


\/Ti^T dr^ 


Jh, j(7, Y1 (o(w), Ti, ra) 


h=l 


( 2 . 12 ) 


for any p E N and v E ®‘j^iVOA(e^)w by induction. For the combinations with we can 
prove the assertion by using (2.5),(2.6), and (2.8). We note that (2.12) is true for p = 0, 
and we next assume that it holds for all v E <8j^iV0A(e-^)ta and p < m. In particular, we 
have 


Qn 


lim ^ 


= lim „ 
Vr^^r drl 

and more generally 

d 


i( 7 , A)"*'f’'’^^j( 7 , (o(Li[-2]n) : ri,r 2 ) 

& 


h=l 


(2.13) 


TV».< (o(ri|- 2 ]ti) : 7 Ti, 7 r 2 ) 


lim ^ 

yn^rdrY' 


= lim 


j(7. T,)"'l''l+i-"‘i(7. r2)"»l'-l (o(L, [21; - 2 ]k) : t,. t.,) 

d' 


h=l 


(2.14) 


Vr.^r OtY 


Tiwi (o(Li[2/c - 2]n) : 7 ri, 7 ra) 


for any fc > 0. Furthermore, applying the Leibniz rule for higher order derivations on the 
product of (cTi + d)”'Gafe(Ti) with the left and right hand sides of (2.14), we also have 


dr^ 


lim ^ 

^n^rdrY _ 


(cr, + ci)’‘G2j(Ti)j(7, ri)''‘‘[''l+'=-“j(7, rj)"'"'” 


= lim 


X Aj^Tr^yfe (o(Li[2fc - 2]n) : ri,ra) 

h=l 

9 ”^ r ~ — 

(cTi + (i)”G'afc(ri)Trvy^ {o{Li[2k - 2]n) : 7ri,7ra) 


(2.15) 


dT{ 


for any where we set Go(ri) := 1. 

Since Li[—2] = e^[—1], (2.8) and direct calculation gives 


RHS of (2.13) = lim 


QV 


'in^r OtY 

lim 




Vr^^T ar” 
gm 

hm —— 
drl' 


Tiwt (o(e^)o(n) : 7 ^ 177 - 2 ) 

G 2 {'jTi)wti[v]TTwt (o(v) : 7 ri, 7 ra) 

00 

y]]Gafc( 7 ri)Tr^« (o(Li[2k - 2]n) : 7 ri, 7 ra) 


k=2 
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Furthermore, from (2.5) we have 


(9" 




Triy« (o(e^)o(u) : 7 ri, 7 r 2 ) 


dv 


-2TTi 




d 


(o(^') : lTi,'yT2) 


= 27ri 


= 27ri 


(9" 


(9r[ 

^m+l 

dm 


d 


9 ( 7 , ^ 1 )^ ^TrH.^ (o(u) : JTi,'yT 2 ) 

OTi 


j{7,rifT^Twe {o{v) : 7^1,7^-2) 


drl^ 


4:7iicj{^,Ti)TTwe (o(u) : 7 ri, 7 r 2 ) 


so that 


Qm+l 


RHS of (2.13) = lim 27ri ,, 

Vri^r L‘ 


i( 7 ,R)^Triy^ (o(u) : 7ri,7r2) 


— lim 
lim 




dr^ 

Qm , 


m 

1 


Wn^T dr 

dm 


lim 

Vri^T (9r 


m 

1 


47ricj(7,'ri)Trvi/£ (o(u) : 7 ri, 7 r 2 ) 
G2(7ri)wti[u]Trvy^ (o(u) : 7ri,7r2) 

00 

y^,^2fc(7R)Trvt/^ (o(Li[2fc - 2]u) : 7ri,7r2) 


.k=2 


On the other hand, by (2.5) and (2.8) we find 


LHS of (2.13) 

dm 

= hm —— 

Vn-i-r 

dm 

+ hm —— 

Vr.^r arf 

dm 

lim 


= lim 


Vr.^r dr^ 

dm 


9 ( 7 , Tr^h (o(e^)o(n) : Ti,T 2 ) 

h=l 

r 

9 ( 7 ,R)'^*^'’'^^^ 9 ( 7 ,T- 2 )"'*''’'^G 2 (ri)wti[n] ^TlJ^Tr^y^ (o(n) : ri,r 2 ) 

, h=l 

00 r 

j( 7 .T,)"‘'M+^j( 7 , ^ G2*(ti) (o(L,| 2 i - 2 ]v) : Tut^) 


k=2 


. d 


h=l 


Vr^^r 

hm —— 

dm 


9(7^^i)wt,H+29(7^^^)wt.H2^ 

<9ri 


lim ^ , 

Vri^rarr ^ 


Aj^^Tr^fe (o(n) : ri,r 2 ) 

/l=l 

r 

9 ( 7 , ri)^G2(ri)j(7, 'ri)"*^'’''9(7, r 2 )®*"f’^Wti[n] TlJ^Tri^/* (o(n) : n, T 2 ) 

h=l 

00 

Ei(7,ri)“G2.(T,)j(7.Ti)"'l”l+^-7(7.r2)*l”l 

r 

X Aj^Trvp^;. (o(Li[2fc - 2]n) : n, T 2 ) 


h=l 
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= 27ri lim 


Qm+l 


Vr.^r 

dm 


—27ii lim 


Vr.^T dr^ _ 


d-n 


j( 7 , ^ ^LTrvy'^ (o(w) : ri, ra) 

/i=i 

c(wtiM + 2 )j(7,Ti)"“'”'+'j(7,T2)"^W 

r 

io{v) : Ti,T 2 ) 


h=l 


lim „ 

Vr.^r drr 


dn 


lim ^ . 

^n^rdrr ^ 

^ '-k=2 


= 27ri lim 

Vn- 

— lim 

lim 


dm+l 


Vn^r arr+^ 

dm 

Vr"4V ^ 

dm 


G 2 YT 1 ) + 27ricj(7, ri) j wti[u]j(7, ri)"*i[’''j(7, 

r 

X (o(u) : ri,r 2 ) 

h=l 

X) 

J2 52I.(7Ti)j( 7, ri)“‘[”l+^-“j(7. r2)"‘»H 

r 

X ^ (o(Li[2fc - 2]u) : Ti, T 2 ) 

h=l 

r 

ih, nYjh, {o{v) n, rs) 


h=l 


Vr.^r arj" 

a™ 

lim 


Vr,^r ar{" 


AnicjY, ri)j( 7 , ^ (o(u) : ri, r 2 ) 

, h=l 

r 

G2(7ri)wti['u]j(7,n)"*^^'''j(7,T-2)"*'^^' (o(u) : Ti,T2) 

h=l 

00 

G2fe(7ri)j(7, 

r 

X ^ (o(Li[2fc - 2]w) : Ti, r2) 


fc =2 


h=l 


where we also used the transformations ( 2 . 2 ). 

Equating our calculations for the left and right hand sides of (2.13) and using (2.15), 
we obtain 


lim 


dm+l 


Vr,^r arf 


= lim 


j(7, nfjY, T 2 Y'^^''^ Y1 (o(n) : ri, T 2 ) 

dm+l 


h=l 


(2.16) 


j( 7 ,ri) Tiwi {o{v) : 7 n, 7 T‘ 2 ) 


vr,^rar{”+^ r 

Meanwhile, using our induction hypothesis (2.12) for 0 < p < m, together with the higher 
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order Leibniz rule, we find 

Qm+l 


lim ,, 

Vr,^r 


j(7, nfji'y, ^ (o(w) : Ti, Ts) 


= lim 


^m+l 


/i=l 


Vr,^r L- 

lim 


(o(v) : 7 Ti,jt 2 ) 

^m+1 


VTi- 


arr+^ - 

^m+1 


lim 7 ( 7 ,Ti)^ ,, 


Trvp^£ (o(t>) : 7ri,7r2) 
i(7,n)"*^^’''i(7,T-2)"*"f’'' (o(n) : Ti,T2) 


h=l 


Applying (2.16) produces the desired result. This completes the proof of Theorem 1. 


3 Commutant decomposition 

In this section we prove Theorem 2. 

[Proof of Theorem 2] Set W = U^. Let {V = ..., V^} denote the set of simple 

P-modules and {U = U\ ... ,..., U^} and {W = W\ ... ..., W^} be the sets of 

simple ^/-modules and simple IT-modules, respectively, where the sets {U^,... ,U^} and 
{W ^,..., W^} denote the modules which appear in some simple P-module. We will prove 
the theorem by contradiction, and assume that s > g. 

Set a = (? V); ^ ~ (%); and S''^ denote the matrices (A^) given in (1.2) 

of the trace functions on P-modules, [/-modules, and IT-modules, respectively. Moreover, 
let Mr^s{F) denote the set of r x s-matrices with entries in F. 

Viewing as a f/ 0 IT-module, we have the existence of a matrix = (rh) G Ms^t(N) 
such that decomposes as 

= 0rJ;.([/'®W^), 

where rh([/*(8)Pl/-^) denotes a direct product of r^j copies of [/* <8)11/7 By the transformation 
property of Theorem 1, we have 

^S^)Rk(^^SW) = J2sk^R\ (3.1) 

i=l 

For variables Xi,...,Xp, let x denote the set of variables {xi, ..., Xp}. Set R{x) = 
R{xi,... ,Xp) := Yli=iXiR^, and view R{x) as a matrix over K := C(xi,..., Xp). Then 
replacing R^ in (3.1) with R{x), we find 

{S")R(x)(‘S'^) = = ^x, = Y 1 

e=i e=i \i=i / i=i \£=i / 

p 

= ^%R = R{x), (3.2) 

i=\ 
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where we set Xj = X]£=i ^ejXe- Moreover, we extend the transformation (sij): Xj 
Y7i=i ^ij^£ = to ^ C-automorphism 0 of K. We also let x^ denote the application 
of 0 on each Xj. For example, 

( p p 

saXe, • • ■, sepXi 
£=1 £=1 

We can then rewrite (3.2) as 

{S^)R{x) = R{x^)CS^)-\ (3.3) 

It follows from the assumption s > g that = 0 for all j, k. Hence, the s-th row of 
R{x) is zero, as is the s-th row of R{x‘^). Therefore the s-th row of i?(x'^)(*S'^)“^ on the 
right hand side of (3.3) is zero, and thus so is the s-th row of {S^)R{x). In particular, the 
(s, l)-entry of {S^)R{x) is zero. Explicitly, we have 

S 

E Sjfjmn = 0. (3-4) 

i=i 

where Fh and R{x)ij denote the (i, j)-entries of the matrices and R{x), respectively. 
Meanwhile, is nonzero by the Verlinde formula. Additionally, since W = U'^ and 
U = we have = 0 for j > 1. This implies R{x)ji G N[x 2 ,..., Xp] for j > 1. Finally, 
noting that r\^ = 1, we have i?(x)ii G Xi -|- M[x 2 ,..., Xp]. It follows that 

S 

s%R{^ji G ^fixi+c[x2,..., Xp], 
i=i 

which cannot equal zero. This contradicts (3.4), and the proof is complete. | 



4 Jordan algebra of type Bg 

Let ©p(C) denote the set of symmetric matrices of degree g and Rg be the Siegel upper 
half-space {X + Yi \ X,Y E 6p(M), Y is positive definite}. We note that &g{C) is a Jordan 
algebra of type Bg. 

In this section, we assume that there is a Griess subalgebra Q Y V 2 isomorphic to a 
Jordan algebra ©g(C) such that the identity matrix corresponds to a;, and a primitive 
idempotent corresponds to a conformal element with a central charge cjg. We denote its 
ring isomorphism by /i : &g{C) —?■ Q. 

For A G Matp(C), let and denote the semisimple and nilpotent parts, respec¬ 
tively. We note that A®^ is also a symmetric matrix. 

Lemma 6 // A G Rg, then the eigenvalues of A^® are all in R and there is a complex 
orthogonal matrix R such that R~^A^^R is a diagonal matrix. 
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[Proof] We define an inner product {u,v) by ^uv for u,v E O, and view A as an 
endomorphism of C^. If an eigenvalue A of A is not in then A — XI g is again in 
Hg and thus nonsingular. However, the determinant det(H — Xlg) is zero, which is a 
contradiction. This proves the claim on the eigenvalues, and we now assume A is semisimple. 
If M, n G C® are eigenvectors with different eigenvalues, say A and p, respectively, then since 
X^uv = ^uAv = f/uv, we have ^uv = 0. Therefore, C® is an orthogonal sum of eigenspaces 
as desired. i 

We also note that 

= {R-^DR EHg\RE Og(C), D is diagonal} 

is a dense subset of Rg. Recall that every idempotent in ^ is a conformal vector. Therefore, 
for each A E Rg^ there are mutually orthogonal conformal vectors e^,..., with central 
charges Ci,..., c^, respectively, and scalars ti, ... ,Tg such that X]j=i ^ fi{A) = 
Tie^ + • • • + TgC^. We again note that Tj G R. Then {P = (27ri)^(e-^ — ||1) | j = 1,..., ^f} 
are mutually orthogonal conformal vectors for (l/,y[-], l,a;). Let wt}^[-] denote the weight 
given by P. Clearly, fi{—A~^) = —e^ + • ■ ■ + —for A E RT- Therefore, by Theorem 1, 
we have the following result. 

Lemma 7 Let A E Rg^ and w E V be a multi-wtf[-]-homogeneous element. IfTT{w : A) 
is an analytic function on Rg, then for any v E <S)^j^i'VOA{e^)w, we have 

g r 

Tt„, (o(i.) : -A-^) = (“(f) : ■ 

p=l h=l 


Since wt}^[l] is zero for all A E Rg^, Theorem 3 is an immediate consequence of 
Lemma 7 for such A. Meanwhile, because Rg^ is a dense set of Rg and Triyj(o(l), H) 
and Tiwj{o{l), —A~^) are analytic for all A E Rg and j = 1,... ,r. Theorem 3 holds as 
claimed. 


5 Applications 

As a corollary to Theorem 3, we will recover the inversion transformation formula of matrices 
A E Rg for Siegel theta series. To do so we must introduce the lattice VOA Vl for an even 
positive lattice L of rank g. 

We begin by first defining the VOA M(l) of free boson type. Viewing CL as a g- 
dimensional vector space with inner product (•, •), we consider an affine Lie algebra 

CL := (00 Ccij(?7.) ] 0 C, 

Vt=inez J 
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where {aj | j = 1,..., ^f} is an orthonormal basis of CL and the Lie prodncts are given by 
[a{n), b{m)] = 6 n+m,on{a, b). We note CL does not depend on the choice of the orthonormal 
basis. Clearly, CL>o := (©J=i ©n>o Caj(?7,)) © C is a snbring. For every a G CL, we define 
a one-dimensional CL>o-module Ce“ by 

a{n)e°‘ = 0 for n > 0, and 

^ 15. 

a(0)e“ = (a, a)e". 

We also consider the induced module 

M»(l)e” := I7(CL) Ce“, 

where Lf{R) denotes the universal enveloping algebra of R. Among these modules, 

has a VOA structure of central charge g which we denote by Furthermore, M^(l)e" 

is an ilL^(l)-module for each a. Often M^(l) is called the VOA of g bosons. Then 

Vl= ® M»(l)e“ 

a€L 

becomes a VOA of central charge g, which is called a lattice VOA. (See [7] for more details 
on lattice VOAs.) We note that 1 := l(8)e° and a; := | Yli=i the Vacuum 

and Virasoro elements, respectively, of both Vl and 

It is known that Vl is a regular VOA, and its simple modules are given by = 

©agLilL^(l)e"+^ for some fi G QL with (/9,L) C Z (see [3]). We will use the vertex 
operators 

V(a(—1)1, 2 ;) = and 

Y (a(—1)5(—1)1, z) = ^ ^ a(—1 — n)b{m + n) + b{—l + m — n)a{n) | 

m€Z VnGN / 

From (5.1), we have o(a(—1)6(—l)l)e^ = (a, P){b, (3)e^ and wt(a(—4) • • • a(—L)e") = A + 
• • • + 4 + Therefore, the character TrM9(i) (o(l) : r) of M^{1) is l/r 7 (r)® and the 

character of Vl is 6 L{T)/r}{Ty, where 6 l{t) is the theta series associated to the lattice L 
and r 7 (r) = n^i(l ~ eta-function, where q = 

By using an orthonormal basis {oj | i = 1,..., g} of ML, we dehne = |ai(—l)aj(—1)1 
for i, j = 1,..., g. We note = o;-^®, {cn®® | i = 1,..., g} is a set of mutually orthogonal 
conformal vectors of central charge 1, and uj = ^ Virasoro element of ilL®(l). 

From the construction, M^(l) has an automorphism a induced from —1 on CL, that 
is, = (—l)^ajj,(—4) • •4)1- Let ilL^(l)+ denote the hxed 

point subVOA of M^(l) by a. Then by direct calculations, we have = Cl®^, 

(M4l)+)i = 0, and (M 41)+)2 = U i<i<j<g is isomorphic to a Jordan algebra of type 
Bg by the 1-products. 

We now introduce a multivariable trace function on the Siegel upper half-space Rg. For 
A = {Tij) G Rg and a VL-module ilL, we recall the function (1.4), and in particular 

TIm (o( 1) : A) = TrMe°(2"<AA-^#i))^ 
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where in this case, fi{A) = ^ • 

In order to pick out the lattice parts, we dehne 

9 

'^m{A) = Trju (o(l) : 

i=l 

for A G "Hg, where the p* are the numbers satisfying dei{xEg — A) = nf=i(^ ~ = 0- 

note Hi eH. 

We now prove the following result. 

Proposition 8 For a lattice VOA Vl with inequivalent simple Vi-modules Vl = ..., , 

we have Fi\Yh (o(l) : A) is an analytic function on Fig for all h = 1,... ,r. Furthermore, 
are ordinary Siegel theta series and 

<7/2 r- 

'ywi{—A Sjh'yw>^{^)j 

h=l 

where the Sjh are the coefficients A^y^ in (1.2) for the matrix S = (? ”o^). It follows that the 
functions ■ywj (A) satisfy the transformation laws of Siegel modular forms (see, for example, 
[6] for these equations). 



[Proof] As discussed above, a simple V^-module M is of the form M = for 

some K G QL. If A = (rjj) is semisimple, then there is an orthogonal complex matrix 
P G OgiC) and scalars pi ,..., Hg such that P~^{Tij)P = diag(/ii,..., pg). Set {h\,... ,hg) = 
(oi,..., ag)P and e* = \P{—1)P{—1)1. Then {6i,..., hg} is an orthonormal basis of CL, 
and je* I / = 1,..., q| is a set of mutually orthogonal conformal vectors of Vl such that 
l(^) = Since 


TrM (o(l) ; A) = 


nf=i viFi 




."ELi 


it follows that 

^m{A)= 

Moreover, because Tii Ylfj=i is an eigenvalue of o(7r/ i 

it is equal to an eigenvalue of o(X]j=i Yl,h=i ’Tjh.a^{—l)a^) for e^, that is, 

9 9 9 

j=l j=l h=l 

Therefore 7 m(A) is an ordinary Siegel theta series of L + k. Explicitly, we have 

7^(A) = (5.2) 
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where {3 = {{a^,{3),..., {a^,(3)) G Since Im(y4) is positive definite, there is a number 
e{A) > 0 such that */3Im(A)/9 > €{A){P,(3) for all /3 G L + k. It follows that 

|7m(^)| < ^ |g-’rd^)(/3,^> I ^ 

I3^L-\-k, 

This implies 'yM{A) is an analytic function for any symmetric matrix A G Hg. Furthermore, 
(5.2) is well-defined for any A G Tig, and so 'ymiA) is an analytic function on Tig. | 

Remark 9 (i) Although we have been treating the cases where the rank g of a lattice coin¬ 
cides with the genus of the Siegel upper half-space, by viewing T-Lh ® Ig/h ^ TSg for h\g, we 
may treat a Siegel upper half-space of genus h < g. 

(a) Let {W ^,..., W^} be the set of simple ineguivalent V-modules. Then as Huang has 
proved in [8], ('^ • '^) invariant for an inversion t i-7 where hF*' = 

©pgcHom(lFp, C) denotes the restricted dual ofW\ Therefore, (o(l) : A) is 

invariant for an inversion A i-7 —A~^ by viewing Tig ® I 2 ^ ^ 2 g- 
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